The 49th Annual High School Mathematics Contest Solutions
April 19, 2023
Minnesotata State University, Mankato
In memory of Dr. Waters who loved math and the math contest.

Instruction for the Contest

1. Write your answer on the answer sheet.
2. You have 90 minutes to work on 30 questions and one tie breaker problem.

3. This is a multiple choice test (except for the tie breaker problem) and there is no penalty
for a wrong answer.

4. You need to write a solution for the tie breaker problem on the answer sheet, and the
tie breaker will be used only to break any possible ties that arise on the test.

5. The use of any computer, smartphone or calculator during the exam is NOT permitted.

6. Submit your answer sheet at the end of the contest and keep the exam booklet.
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1. Write ———=—= with a rational denominator. The result is

V2+y/3-\/5

3421/6+1/60
a) 12
b) 3+2\/§+\/1_5
4424/6+/60
c) 12
d) 3+\/€6+\/G
3+1/6+V12

e) —

Answer: d)

Solution) To rationalize the denominator, we multiply the fraction by \/E + \/5 + \/g first
and then by \/6 as follows:

V2 V2 V2443445
V2+3-45  (V2+V3)-V5 V243445
2+ 16+ V10
(Vee VB s
_2+v6+41/10
SR
2+ 6+\/E‘L€
ok Ve

_2v/6+6+1/60
B 12

_3+v6+4/15
=2 rv

2. In Springfield where the following people live

% @ %’ Gﬂ‘ .g v
(Homer), (Marge), (Bart), ;ﬁé (Lisa), (Mr. Burns)

a heated debate developed:

Homer: Bart, the probability that you win in a math competition is 50%
because either you win or you lose. Therefore, your chance of winning



is 50%+50%=100% if you participate AMC' and MMC? math contests.
Participate these contests and win!

Marge: Homie, you are so smart.
Bart: Cool! Dad, I will win one of the contests.
Lisa: Dad! You are wrong.

Mr. Burns: All of you are wrong!
Who is right?

a) Homer is right.

b) Marge is right.

c) Bartis right.

d) Lisa is right.

e) Mr. Burns is right.
Answer: d)

Solution) Homer has a wrong idea on probability. The probability that Bart wins a compe-
tition is 50% has no logical ground, and so Lisa is right.

3. A ship sails 10 miles in a straight line from A to B, turns through an angle between
45° and 60°, and then sails another 20 miles to C. Let AC be measured in miles.

L A the ship turns here.

A 10 B

Which of the following intervals contains AC? ?

a) [400, 500)

! American Mathematics Competitions
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b) [500,600)
¢) [600,700)
d) [700,800)

e) [800,900)

Answer: d)

Solution) Let 6 be supplement to the turning angle of the ship. Then 120° < 8 < 135°.
C

(7
A 10 B

Using the law of cosines to the triangle /\ ABC, we find that
AC? = 10> +20* =2 - 10 - 20 - cos @ = 500 — 400 cos 6.
Since cos(135°) < cos 8 < cos(120°), we find that
700 = 500 — 400 cos 120° < AC? < 500 — 400 cos 135° = 500 + 200\/5
because cos 120° = —1/2 and cos 135° = —\/5/2. Noting that

500 + 200\/5 ~ 5004200 - 1.4 = 780

we find that
700 < AC? < 800.

4. The function f(x) = 2x + 1;2 is defined on the positive real numbers x > 0. At which

12 . ..
value of x does f(x) =2x+ — assume its minimum value?

a) x=1
b) x =12
0) x=16
d) x =112
e) x=6

Answer: ¢)



Solution) Using the arithmetic mean-geometric mean inequality: for all a, b > 0,

a+b>2vab withequality if and onlyifa =15

we find that the minimum of f(x) occurs

f(x)=2x+222\/2x-2=4\/6
X X

2x:2 = x’=6 = x:\/g.
X

if and only if x satisfies

5. Let r, s, t be the roots of x3 — 6x2 + 5x — 7 = 0. Find
11 1

=+ =+
2 2 R

59
a) —@

b) —%

25
C) )

d) —g

e) 3

Answer: a)

Solution I) Using Vita’s Theorem, we find that

r+s+t =6
rs+st+tr =5
rst =7

and

I 1 1 /1 1 1\ /11 11 1
3+—r+—:<—+—+—>—2«~—+—-7+?-

r s2 12 ros t ros s
_(rs+st+tr>2_2<r+s+t>
- rst rst
(2 -2()
7 7
59
-2

Solution II) The polynomial whose roots are the reciprocals of the roots of the original



polynomial can be obtained by reversing the order of coefficients of the original polynomial
because

3 2
<l) _6<l> +5<l>_7:0=>(>x<) 7 +5x2—6x+1=0.
x x x

. 11
Since -, -,
r- s

~ =

are roots of the polynomial equation (x), we find that

11 1 1 1 1)\? 11 1 1 11
—+—+—=(—+—+—> —2(—-—+—-;+?-—>

r N t r s N N
2
-(5)-2(3)
-7 -7
-5
49

by applying Vieta’s formula to ().

6. If 216" = 162", then x is equal to

\S]

a)
b)

c)

W AW

d)

Wi

e) 4
Answer: c¢)

Solution) To express both sides of the equation in base 2 we write the left hand side as
162X — (24)2" — 24~2x
and observe that
216x — 162x = 216X — 24~2X

)
— 16" =4.2%

= 8¥.2¥=4.2°

= 8" =4
- x—g
3

Remark) In (x) above, we use the fact that f(x) = 2% is a one-to-one function:

29=20 — g=h.

7. At the end of a shift, a store clerk notices that the average value of all the coins left in
the till is 20 cents. Furthermore if there was one more quarter, the average value of all the
coins would be 21 cents. How many pennies are in the till?



(The coins are all pennies, worth 1 cent, nickles, worth 5 cents, dimes, worth 10 cents,
and quarters, worth 25 cents.)

a) 0
b) 1
¢ 3
d s

e) 7

Answer: a)

Solution) Let v be the total value of the coins in the till and n the number of coins in
the till. Then we have v/n = 20. The fact that another quarter would make the average
value 21 implies:

v+ 25
n+1

=21 = v+25=2l(n+1) = v-2ln=—4

This is equivalent to the system of linear equations:
v—=20n=0
v—2ln=-4
which can be solved by v = 80, n = 4.
Next we can simply reason based on cases depending on the number of quarters. If there
are two or fewer quarters the maximum value of four coins is 70 cents, and four quarters are

worth 100 cents. So there must be three quarters, implying the last coin is a nickle. Hence
there are no pennies.

8. In /AAABC, AB = 13, AC = 5, and BC = 12. Points M and N lie on AC and
BC, respectively, with CM = CN = 4. Points J and K are on AB so that MJ and NK
are perpendicular to AB. What is the area of pentagon CMJKN?

A4y

m
C N B

(The right triangle ABC has area 1/2 - AC - BC =1/2-5 - 12 = 30).



a) 15

b)i-1

205
)

d)%

e) 20

Answer: d)

Solution) We are given the following figure:

~ J

0
C N B
< >

12
Observe that the right triangles AAAM J and /A ABC are similar and that AM = AC —
CM = 5—4 = 1. Since the ratio of the hypotenuse of /AAMJ to that of /AABC is

AM : AB =1 : 13, the ratio of the area of /AAM J to that of AAABC is 12 : 132 and so

2

(the arca of AAM J) = (%) .30.

Also, observe that the right triangles /\NBK and /\ABC are similar and that BN =
BC — CN =12 —4 = 8. Since the ratio of the hypotenuse of /\ N BK to that of AAABC
is BN : AB =8 : 13, the ratio of the area of /AN BK to that of /AABC is 82 : 132 and
SO

2
(the area of ANBK) = <§> -30.

13
We find that
(the area of OCM JK N) = (the area of AAABC) — — (the area of /AN BK)
1\? 8 \?
:30—(— -30—(-) 30
13) 13
_ 210
137

9. Suppose that we have two cubes. The first cube has volume 8, and the second has twice
the surface area of the first. What is the length of the sides of the second cube?

a) 2



b) 2¢/2
c) 4

d) 312
e) 3V/4

Answer: b)

Solution I) The first cube has sides of length \3/§ = 2, so its surface area is 6 - 22 = 24.
Therefore the second cube has surface area 96, so its sides have length:

@:{:z\/}

Solution IT) Another solution is based on the fact that the area of a square is proportional to
the square of the side length. Therefore to double the area we must increase the side length

by a factor of \/5 As the first cube must have sides of length 2, the second cube has sides
of length 2\/5.

10. Find the smallest positive integer # such that

the remainder is 2 if n is divided by 3
the remainder is 3 if n is divided by 5 and
the remainder is 2 if n is divided by 7.

a) 5

b) 18
c) 23
d) 128

e) 233

Answer: ¢)

Solution I) The positive integers n leaving the remainder 2 when 7 is divided by 3 are
2, 5, 8 11, 14, 17, 20, 23, 26,

The positive integers n leaving the remainder 3 when # is divided by 5 are
3, 8 13, 18, 23, 28, 33, 38, 43,

The positive integers n leaving the remainder 2 when # is divided by 7 are
2, 9, 16, 23, 30, 37, 44, 51, 58,



10
We find that the smallest such an integer is n = 23.

Solution II) We look for integers of the form
n=a-5-7+b-3-7+c-3-5

where integers a, b, c satisfying

n=2 mod3 = 2a=2 mod3 = a=1 mod3

n=3 mod5 = b=3 mod5 = b=3 mod>5

n=2 mod7 = ¢c=2 mod7 = c¢c=2 mod?7
Considering the congruence modulo 105 =3 -5 - 7, we find that

n=1-5-7+3-3-742-3.5=354+63+30=128=23 mod 105.

11. If f( iiié) = x for all x except —%, determine f(x).

D (=535

b) f(x)= 21

2-3x

3x-2
0 f(x) =22

O f0 =55
e f(x)=2=.
Answer: b)
Solution) Setting y = %, we solve for x:
y= iii; = yBx+2)=2x+1
= 2-3y)x=2y—-1
= x= iy—;
Changing the name of the variable, we find that
10=F = =25

12. The ratio of the measures of two acute angles is 5 : 4, and the complement of one of
these two angles is twice as large as the complement of the other. What is the sum of the
measures of the two angles?

a) 75°

b) 90°



) 135°
d) 150°

e) 270°

Answer: ¢)

Solution) Let 6 and ¢ be the angle measures, where 90° > 6 > ¢ > 0. Then we know:

0 5 90° — ¢
—-== and =
o 4 90° — 6

which implies
0= 2(}5 and 20-¢$=90° = ¢=60° and 0 =75°
Therefore, the sum of two angles is 135°.

13. The figure is constructed from 11 line segments, each of which has length 2. The area
of pentagon ABC DE can be written as ﬁ + \/Z, where m and n are positive integers.

A

Whatism+n?

a) 23
b) 24
¢) 22
d) 20

e) 21

Answer: a)

Solution) Label two points inside the pentagon as G and Fas shown in the figure below
and let M be the midpoint of CD.



C M D

Draw diagonals AC and AD to split the pentagon into three parts. The triangle /AABC
is an isosceles triangle with ZABC = 120° because /AABF and /\CFB are equilateral
triangles.

A4 =L30° 30° C

From the triangle /\ ABC with internal angles 30° — 120° — 30°, we find that AC = 2\/3
and that

(the area of /\ ABC) = % -2-2sin(120°) = \/5

Likewise, the area of /A AE D s also \/5 . To find the height of A M, we apply the Pythagorean
theorem to the right triangle A ACM

AM? = AC?—CM? = (2V3)’ - 12 =11 = aM =11
and find that
(the area of A ACD) = % 2-4/11 = V11,
The area of the pentagon is

(area of OABCDE) = + (area of /AACD) +

=V3+VI1l+
Vit+2v3 =11+ V12

andthesumm+n =11+ 12 = 23.

14. A store has a pile of cans arranged so that the top row has 3 cans and each subsequent
row has two more cans than the one above it.



OO

-!!!- 1st row
-ggggg_ 2nd row
([ TTITIIT1] 3rd row

There are 120 cans in the whole pile. How many rows are in the pile?

a) 10
b) 11
c) 12
d) 13

e) 14
Answer: a)

Solution) One way to solve this is to simply add up odd numbers starting from 3 until
we get 120:

2 rows

3+54+7=15
——

3 rows

3454+74+94+11+134+154+17+19+21=120

'
10 rows

We get to 120 at the 10th term.
Alternatively, we use the fact that the sum of the first kK odd numbers is k2

1434544+ Qk—1)=k

o

'
k terms

Since 120 = 121 — 1 = 112 — 1, we conclude that if the pile had started with 1 can above
the three cans in the top row, then there would be eleven rows. But since that row is not
actually there, there are ten rows.

15. In the expansion of (xy — 2y~2) ' find the power of x in the term that does not contain
y.

a) 12

b) 8
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c) 6
d) 7
e) 10
Answer: a)

Solution) Using the binomial expansion

16
(xy—2y73)" = D (16>(xy)" S(=2y73Hlek

k=0 k

16
16 _ —3(16—
_ Z <k >(_2)16 k. xk . k=306-k)
k=0

we find that the k in the term not containing y must satisfy
k—=316-k)y=0 = k=12

and that the power of x in this term is 12.

16. The last digit of 77 is

a) 7
b) 1
¢ 3
d) 9

e) 5

Answer: c¢)

Solution) We shall find 77 mod 10. Since
77=-1 and 7*=1 mod 10
we consider the remainder of the power 77 mod 4. Because
72=49=1 mod4d = 7' =(7*-7=1-3=3 mod 4
we can write 77 = 4n + 3 for some integer n and find that
77 = 743 = ()" 7 =1-(=3=-27=3 mod 10.

The last digit of 77" in the decimal representation is 3.

17. Danica drove her new car on a trip for a whole number of hours, averaging 55 miles per
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hour. At the beginning of the trip, abc miles was displayed on the odometer, where abc is
a 3-digit number witha > 1 and a+ b+ c < 7. At the end of the trip, the odometer showed
cba miles. What is a® + b*> + ¢ ?

a) 26
b) 27
¢) 36
dy 37

e) 41

Answer: d)

Solution I) Let the number of hours Danica drove be k. Then we know that
100a + 10b + ¢ + 55k = 100c + 10b+a = () 9c —9a = 5k.

We know from (x) that k is divisible by 9, i.e., k =9,18,27,.... If k > 18 then
abc + 55k = 100a + 10b+ ¢ +55-18 > 100 - 1 + 55 - 18 > 1090

which makes abc + 55k a 4-digit number (impossible). We find that k must be 9 and
therefore c —a = 5. Because a+ b+ ¢ <7 and a > 1, we find that

a=1,c=6,andb=0 = > +b*+c>=6>+0>+1%>=37.

Solution IT) We know that the number of miles she drove is divisible by 5, so a and ¢ must
either be the equal or differ by 5. We can quickly conclude that the former is impossible,
because then abc and cha are the same. So a and ¢ must be 5 apart. Because we know that
c¢>aanda+c <7anda > 1, we find that the only possible values for a and c are 1 and
6, respectively. Because a + b+ ¢ < 7, b = 0. Therefore, we have

a=1l,c=6,andb=0 = a®+b>+c>=6>+0>+1>=37.

18. If circular arcs ;XE‘ and §E’ have centers at B and A, respectively, then there exists a
circle tangent to both AC and BC, and to AB.

o

A B

If the length of the arc ]/3?7 is 4, then the area of the circle is



a) 36x

b) &z

C) 497

dy 9=

e) 20237

Answer: b)

Solution) Note the triangle ABC is equilateral because AB, AC, AC is the common ra-
dius, and so ZCAB = 60°.

C

AB =12

—_

Considering the circular sector with arc BC centered at A of radius A B, we find that
é(Zn)AB =4r = AB=12.

Draw a perpendicular from the center O of the circle to the side A B, and call this length r,

and call the foot M. Draw an extended line from A to O which meets the circular arc BC
tangentially at M’ and

12=AM'=0A+OM' andOM' =r = OA=12-r.
Applying the Pythagorean Theorem to /A AM O, we find that

Pred=(12-r — r:g

. . . 2
Finally, we see that the area of the circles is z - (g) = S}T”.

19. Suppose that we choose an integer from 1 to 400 (inclusive), where we have equal
probability of selecting any integer in the range. What is the probability that we select an
even integer which has a 3 as one of its digits?



a) 53/400
b) 3/20

¢) 13/80
d) 33/200

e) 3/16

Answer: c¢)

Solution) We have 400 numbers in this range. If an integer has a 3 in the ones place, it
will never be even and so this case is eliminated.

I:] I:] = eliminated!

So we only need to count the even integers with a 3 in the tens or hundreds places.
First we count even integers n having a 3 in the tens place. Such an integer # will have
to have 0, 1 or 2 in the hundreds place, 3 in the tens place, and 0, 2, 4, 6, 8 in the ones place

0,1,2

!
L] Q
0,2,4,6,8

and so it is in the range 1 < n < 299. Furthermore, every choice of one of those numbers
in the hundreds, tens and ones places will produce an even integer with a 3 as one of its
digits. Therefore there are 3 - 1 - 5 = 15 integers of this type. (It is also possible to simply
list them all.)

Next, we count even integers # having a 3 in the hundreds place. Such an integer # is in

the range 300 < n < 399.
L] Q

ceven

All of these integers will have a 3 as a digit, so we only need to worry about how many
of them are even. There are 50 such integers. One way to show this is the fact that there
are 100 integers in this range with half of them being even. Alternatively, we can form an
integer by selecting 3 in the hundreds place, anything from O through 9 in the tens place,
and 0, 2, 4, 6, 8 in the ones place.

Since 400 does not have a 3, we conclude that there are 50 + 15 = 65 numbers of this
type. Therefore the probability of selecting one of them will be 65/400 = 13/80.

20. Let 1 be an integer. If the tens digit of n? is 7, what is the last digit of n>?

a) 4



Answer: c¢)

Solution) Let n = 10x + y, where x, y are integers such that 1 < x < 9and0 <y <09.
Since

n? = 100x* + 20xy + y*
we find that the tens digit of y*> must be odd because the tens digit of 20xy is even and the
tens digit of » is odd. For the tens digit of y2 to be odd, y must be 4 or 6. In both cases, the
last digit of y? is 6 and the last digit of n? is 6.
21. Suppose we expand the following product:
(L4 x+ =+ 301+ x4 -+ x2)?

What will be the coefficient in front of x'0?

a) 48
b) 55
c) 60
d) 66

e) 72

Answer: d)

Solution) There are a variety of ways to approach this problem, though ultimately we will
need to determine how many ways there are to choose one power of x from each of the three
parts of the problem so that their combined powers add to 10.

(T4 4xN X0 L xt e AP X2 (XX 4 4x20) = z 1)xathteq...
a+b+c=10

This can be rephrased as a question about how many nonnegative integer solutions there

are to a + b + ¢ = 10, where a, b and ¢ are the power of x we take from each of the three

terms. Since 10 < 25 we don’t have to worry about setting a maximum on the solution.

This problem type has a known solution of

10+3-1) _ (12 — 66.
3-1 2
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Alternatively, we can break into cases. Generally if we pick x" from the first part, where
0 < n < 10, then we will have to pick two terms from the remaining parts whose powers
add to 10 — n. There will be 10 — n + 1 ways to do this, i.e. by selecting 0, 1, ..., 10 — n, so
the answer is:

1+24+34+4+5+64+7+8+9+10+11=66

22. Suppose that Alice and Bob play the following game: They put a certain number of
beads in a pile, which varies from game to game. They then take turns, starting with Alice.
On each turn a player can take one or two beads. The player who takes the last bead wins.
Both Alice and Bob are experts at their game and always make the best possible move.
Which is the only possible true statement?

a) Alice won the games that started with 2, 8 and 22 beads.
b) Bob won the games that started with 3, 7 and 12 beads.
¢) Alice won the games that started with 1, 6 and 10 beads.
d) Bob won the games that started with 2, 5 and 16 beads.

e) Alice won the games that started with 1, 2 and 3 beads.

Answer: a)

Solution) By examining what happens for smaller piles of beads, a pattern can be found
about who will win. If there are 1 or 2 beads, then Alice can win immediately. If there are
3 beads, then no matter what Alice does she will need to leave 1 or 2 beads immediately, so
Bob will win. (This reasoning actually eliminates answers d) and e) immediately, making
it possible to guess.)

Continuing this reasoning, a player will lose if all possible moves lead to a situation
where the other player can win. This will happen every multiple of 3, so Alice will win
if the number of beads is not a multiple of 3 and Bob will win if the number of beads is a
multiple of 3. The only statement consistent with this fact is a).

23. Consider the graph of a function f : R — R where a, b, ¢, d are real numbers.

Y y=f(x)

—b
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i) f(f(a)=0>b
i) f(a)+ f(b)+ f(c)>0
i) f(c)>c

iV) f(b%) > f(b)';f(c)

Choose all the correct statements.

a) None of them
b) ii), iii)

¢) 1), iii),iv)

d) ii), iii), iv)

e) All of them
Answer: d)

Solution) We look at the graph of f.

y=fx)
b ey
d\ FB)+/(©)
2
a
X

i) is false because f(f(a)) = f(b) = —b.

ii) is true because f(a) + f(b)+ f(c)=b+(-b)+d =d > 0.
iii) is true because f(c) = d > ¢ where c is a negative number and d is a positive number.
iv) is true because the average w of f(b) and f(c) is below the value f (b%) of the

average b% of b and c on the y-axis.

24. Let f be a function defined by the following properties:
- fh=1
« For any positive integer n we have f(2n) = n - f(n).
What is the value of f(2°0)?
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a) 2%
b) 2125
c) 2624
d) 21225

e) 24950

Answer: d)

Solution) Using the recurrence relation f(2n) = n - f(n), we find that
f@0=r@-2%)=2%. r2%)
— 249 . 248 . f(248)
=2%.28 . .22 20 (D)
=249 .48 . .9p2.91l .1
= A9+ A8 424

— 91225
In the sum on the exponent,

= 1225

1+2+---+48+49=@

was used. Aternatively, we can get a similar result by expanding “upwards,” i.e. by calcu-
lating:
fh=1= f@=2-f(1)=2"
= f@H=2-f@=2>-2'
= [ =2-f2*=2%.22.2!

— f(250) — 249 . 248 . 22 . 21 — 249+~~+48+~~~+2+1 — 21225

25. A cylinderical tank with radius 4 feet and height 9 feet is lying on its side. The tank is
filled with water to a depth of 2 feet.

I/
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What is the volume of water, in cubic feet?

a) 247 — 3612
b) 24z —24/3
¢) 367 —361/3
d) 367 —24/2
e) 487 —361/3

Answer: e)

Solution) Any vertical cross-section of the tank is the disk of radius 4 with center O and
the shaded region indicates water filled. We label points A, B, C as shown below.

The line segment OC meets A B at the midpoint M. Since OM = 4 —2 = 2, we find from
the Pythagorean theorem that

AM2=42-22=12 = AM =2/3
and that ZAOM = 60°. The area .S of the blue-shaded region is
S = (the area of the circle sector 2 NOAB) — (the area of the triangle /AOAB)

1 ;1
== .z.42_2.44/3.2
37 2 V3

= 167” —4/3.
and the volume V of water is

V' = (the area of cross-section) X (height)

_ (16x
=(F-av3) o
= 487 — 361/3.

26. Detective Leblanc interviews three suspects, Agatha, Conan and Ronald. Each one of
them is either a murder or an innocent suspect. The murderers all lied and the innocent
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suspects all told the truth. The following are the statements made by the suspects:

« Agatha: “Conan is the only murderer.”
o Conan: “Agatha and Ronald are both innocent.”
» Ronald: “Agatha and Conan are both murderers.”

Which of the following is true?

a) Conan is the only murderer

b) Ronald is the only murderer

¢) Agatha is the only innocent suspect.
d) Ronald is the only innocent suspect.
e) All three are murderers.

Answer: d)

Solution) One method is to simply go through all five answers and verify that in all cases
but d) either an innocent suspect lies or a murderer tells the truth, which is not allowed by
the rules.

Alternatively we can reason like following: Suppose Agatha were innocent. Then Co-
nan would be the only murderer, but this would imply that Ronald is innocent. That would
mean that Conan is telling the truth, which as a murderer he would not do. So we con-
clude that Agatha is a murderer, and we must determine if there were multiple murderers.
Since Conan says that Agatha is innocent, he is lying and must also be a murderer. But
then Ronald is telling the truth, so he is innocent (and in particular, he is the only innocent
suspect.)

27. Two tangents to a circle intersect each other at a point A outside of the circle. The
tangent lines intersect the circle at points B and C.

B

C

The points B and C divide the circle up into two arcs, which have a ratio of lengths of 3 : 5.
What is the measure of the angle ZBAC?

a) 30°
b) 45°

c) 60°
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d) 75°
e) 90°
Answer: b)

Solution) Let O be the center of the circle, 0 the size of the larger arc and ¢ the size of
the smaller arc.

We begin by finding the measures of the arcs in degrees. We then have

g=§ and  0+¢=360° => ¢=225° and O =135

Now the measure 8 = 135° of the smaller arc is the same as the measure of the central angle
BOC. By the tangent theorem, both ABO and ACO are right angles. Since the angle sum
of the convex quadrilateral ABOC must be 360°, we find that

BAC =360° —90° — 90° — 135° = 45°.

28. If x, y are two distinct positive integers satisfying
11 1

Xy 37
then what is x + y?

a) 345
b) 756
c) 867
d) 1444

e) 2023

Answer: d)
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Solution) Since the equation is symmetric in X, y, we may assume that x > y. Observe

that
%% = % = 37(x+y) = xy => 37*=37(x+y)+xy = 37> = (x=37)(y—37) = 37°

Using the fundamental theorem of arithmetic, we find that

x—=37=37%andy—37=1or

-3y -37) =37 =
(x Wy ) {x—37= —1 and y — 37 = =372

The first pair gives (x,y) = (1406,38) and x + y = 1444, and the second pair does not
produce positive integer solution for x, y.

29. The largest real solution x to the equation
log, x + logy x + logg x = (log, x)(log, x)(logg x)

lies in which of the following intervals?

a) [1,2)

b) [2,4)

c) [4,8)

d) [8,16)

e) [16,32)

Answer: d)

Solution) Using the change of base formula

logy, b

log, b foralle >0

~ log,a
we rewrite the given equation so that all terms have base 2:

logyx logyx logyx logyx log,x log,x

log,2  log,4  log,8  log,2 log,4 log, 8
If x # 1, we divide the both sides by log, x to obtain
2
1 _ (log, x) 111

R R G Tl AN (1og2x)2=(—+—+—>-6=11 — logyx = +V11.

11
1 2 3 1-2-3 1 2 3

The largest real solution is x = Vit which is between 2° and 24 because

3=v9<V11<Vi6=4.
The largest x = 2\/ﬁ is in interval [8, 16).
30. Consider a cone of revolution with inscribed sphere tangent to the base of the cone.

A cylinder is circumscribed about this sphere so that one of the bases lies in the base of the
cone. Let V| be the volume of the cone and V, the volume of the cylinder.
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the axis of rotation

Find the smallest possible number k for which V| = kV.

—

a)
b)
9
d)

e)

VIO oI NI Wik

Answer: b)

Solution) Let BM lie on the axis of rotation as in the figure, and let A, B be the vertices of
the triangle in the side view. Also denote by O the center of the sphere.

B

the axis of rotation the side view

We introduce the following variables:

o r = the radius of the base of the cone.
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« s = the radisu of the inscribed sphere.
e 0 =the angle ZOAM

Since AM and A B are two tangents to the sphere from A, we have ZOAB = ZOAM = 6.
The volume of the cone is

h=rtan20 = V| = %7[‘7‘2/’1 = %mﬁ tan 20
and the volume of the cylinder is

s=rtand = V, = zs*(2s) = 277> tan’ 6.

Using tan 26 = %, we can write
V
k=—l= tan26 = 1 =>tan49—tan20+i=0
V, 6tan®6  3tan? (1 —tan?6) 3k

Set T = tan” 6. For the equation T? — T + ﬁ = 0 to have (positive) real roots, we must

have the discriminant D = 1 — % > 0, or equivalently, k > %. The smallest possible value

k= % actually occurs when

T:tan249=l = tanf = —
2 \/5

or equivalently when the ratiois s : r =1 : \/5

Tie breaker) Eight identical sheets of paper have been placed overlapping.

B F
H
C
D
G E
A

The last sheet to be placed was H because it is shown completely. Fill up the blanks for the
the eight pieces in the order placed, ending with H.

HpEERERERENE

T 1 ) T T 1 T

Ist 2nd 3rd 4th 5th  6th 7th  8th
(Fill up as many blanks as you can to break any possible ties.)

Solution) We work "backwards". Since the 7-th sheet must be partially covered by H,
only F and D are possible candidates for th 7th sheet.
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D

A

The 7-th sheet cannot be F because F is covered by another

be D.
B F
H
C
D
G E
A

letter C and so 7-th letter must

The 6-th sheet must be partially covered by D and so it must be A. Continuing in this fashion,

we find that the answer is
Hm oo

Ist 2nd 3rd 4th 5th

6th

pllz

7th  8th



